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“] Introduetion

This paper is the third of a set of papers in which the problem
of Green of the eguation of Helmholtz in an angle with fairly general
boundary conditions is discusged, References to the previous
Will be donoted by I =te. followsd b

napers

L

v the formula number.

k|

I this paper th: gvecial casc of s halfplane will be discussed.,

? Although a number of results can be obtained in an almost trivial way

) by spocialization of the general results obtained in the preceding
Papurs a direct and independent treatment scems +o be Justified,
For a halfnlanec the problaem of Green may bz formulated in Cap.
tesian coordinates (eof, T ntroduction) in the following way
o 3
2" 2
(f’lﬂxl) J o2 O . & A N l G(X;B’F‘sx PN ) = - J('}i-'}i,) c)(}]-y ).9
e . 070 0 O
- oy
f - . 21 n 2 G
1.¢ =0, X >0 con f . — - sin = ()
( = ) y - - J x] 'afjf? 3 J/xl BX 3
1
1.3 V=0, % < 0 COS RIS 1 RIS 0
(1.3) Y= 2 JE QY . 312 X '
Lt will be agsumed that for J=1 and j=?2
(1.4) T < Rﬁ1}jﬁéw .

Lt has been prov~d in I section > that the corresnonding homo-
geneous problem - the Foproblem - has a polution which vanishes at
1nfinity and ig continuous for vy & only 1n the case Ro Jq> Re £ 17
on the other hand Eﬁ-dw*gﬁﬁ J~ thare 18 a solution which 18 continuous

e
for yz0 nxcont at_the ovrigin wheroe it has 2 singularity of the lrind
-4 & o . . .
s where p=s Vrc4ys and £ >0 for He {q«:ﬁe Y~ and a singularity
of tho kind 1nr for Re fqmﬁﬁ {~. According to (I 5.11) and (T 5.10)
¢z -
this "best possible” solutbion takes an polar coordinates (Fytp) The

{f'orm
0

- (1.5) Px,y) = jﬁ cms(r%hu)(ﬁ(u+ig&)du ,
= (30
whe ro

aap (W, p.
(1.6) ¢ (w) 2L 202l

e(wwvtiﬁiq)
with e(z,)) defined by (I 4.5) with 6 =
,Tmzl< 2. TC !R@Jf'

_ g ) ah v
(1.7) e(z”y) det aXD [' fo JJ-cos £tz ‘%h‘{uﬂm at

ee shrt shixt
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A number of properties of this auxiliary function have been
collected in I section 4 and a few more will be given in Appendix A
at the end of this paper.

The behaviour of the solution (1.5) at the origin 18 as follows

(cf. T 5.13)

" Re fﬁ}'ﬁﬁ {é I continuous at r=0,
(1.8) { Re y, =Re [, F = ¢ Inv + 0(1),

| Re fi<Re . po ocrfmfad 0(1),

where C is some constant,

According to (I 5.23) the solution of the F-problem can also be
Writton in the form

_ 00 +45 7ol
(1.9) F(x,y) = % /ﬂ tﬁﬁ){wfmh(w~i<p)} H(w)dw,
~00 5
where
(1.10) B(w) 9€F —%{Qf(w--%;wi) (s )}

by using the relations (I 5,21) and (0.4) of the Appendix the solutionl
(1.9) can be brought in the following for
nultinlicative constant

n, however, with a different

00 c(ws ©i, §.57)
(1.11) Fx,y) = 4 k[ exp-(ixshwiychw) - e e d ghw,
-0 e(w~% 1 i, fq*ém)

An dndependent derivation of this result will be smiven in section 2

The solution of the G-problem has been obtained in TT sectlions #
and 4, Again making the specialization G=7 we arrive at the follow-
ing ropgulcs,

LT Re fﬂm.Ro{{ﬁ there 1s a single function of Green which 4is
regular in y 2 0 with the exception of the logarithmic nole at (xojyo).

I polrs coondtmian 2, SOl e can be uritten aco (ef, IT 2,26)

: (7 () : .
(1.12) G(Kﬁygx.;y.):zmmLT uf cos(rshu)sin(r _shu ) g(uti @) ~
Q Q ~ L O O .
2% 00 00 ﬁ(uo+1qb)
ah( SHle)
O :
« = o e du duo.

ch(u %1w )-c 0*“1¢)
Lf Re {1;:Reiy? there is a function of Green which is regular in @&
V20 with the exception of the logarithmic pole at (xo,yo), The Gre en'“fi
function can be made unigque by requiring 1t to vanish at the origin.
The latter solution can be written as (cf, II 2.32) |

00 0 n
:1@-‘f jﬁ sin(rshu)cos(r o8hu ) QTQiﬁ:?)
o -Q0 --CO 5)1((-1-""“{") ., d.u.m.- Qj( lo“l*l (FO)

T

F r;ir\ZLL {bcp ->-- Cl{(‘l&‘*‘ ‘P)

(1,13) G(Xﬂyﬂxoﬂyo) -
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On the other hand, by using the expression (IT 4.25) a solution
of the G-problem may also be obtained in the form

G(K’y’xﬁﬂyo) N jiw CK?{“PCh(wﬂi?ﬁ}H(W)dw
‘ UL -0+
(1.1%) 1 hw,

. .
exp{voch(woqlwm)}H (wm) e ~w~m~uw03

iy ’ chwowchw

where L 1s the path of T Pig.3.

—

An dndependent derivation of (1.14) and similar results will be

In section 4 we consider the problem (1.1) with the boundary con-
dition (1.2) and with =0 for y=0, x<0. This in caguivalent to taking
[ = 3 anc requiring that G=0 at the origin. However, an indencndent
trcatment 1s more appropriate,

In section 5 we consider the important subcase that ¢ vanishes at

the negative X.axis and that 1Ts normal derivative vanishes at the

positive X-.axlis., This casoe which 18 of intorest 1in dif'fraction theory
has been treated in some detail. In a certain sonse the solution of
this problem nay be considered almost trivial since the free solutions
Ol the F-problem can be writton deown at once (cf, 5.4) whereas the
Green's function can be constructed from the free solutions af'ter the

examplce of (I 3.6). In this way the molution (5.5) is obtained. By

following the treatment of the more general case of section 4, however,
the solution ipg obtained in a diflferent Toprm (5,ﬂ5) ana (5.16), Hor

the auxiliary Ffunction © which is usced herc and which ie discussed in
Appendix B several crpressions may be derived. One of these 1ia cagul -
valent to the well-known integral of Macdonald which he obtainaed in

connmection with Summerfeld!'e oroblem,




<. The I'problenm

Following (IT 4.5) a solution of the F-problem which vanishes

at infinity may be represented by

(
(2.1) F(x,y) = = J%D exp-(ixshw+ychw) £{w)dw,
- OO0

2) and (1.3) give

The bhoundary conditions (-

- (¢ g
(2.2) o e g anw = 0 por x 0,

. e's

] o
(2.3) tf ﬁ“lxahw fﬁ(w)d shw = O for <0,

- 00 -
where for j=1 and j=2
(2.4) f,bﬂﬁﬂWJﬂif ch(wwijﬂ)f(w)u
J y
A sufficient condition for (2.7) is thatb fﬂ(w) when congldered in the
z-plane with 2z = shw is holomorphic in the lower nalfplane Im 2z <0 and
of ordar O(z“ﬂ) at Infinity., Similarly fp(W) should be holomornhic in
the uvper halfHlane Im oz » 0O, }
LT follows that fq(w) when consldered as a function of w is holomorphic
in the lower strip —-® < Tmwe0 and that it is symmetric with respect to
-z ni, Likewise fg(w) 13 holomorvhic in thoe upper strip O« Imw < and
symmetric with respect to 2o i,
By elimination of f(w) from the relations (2.4) & nomogZens Ous
Hilbert problem is obtained on the real axis viz.
£ (w) fq(w)
(2.5) S P .,
ch(wwlfé) Ch(le{q)
This problem has the formal solution
O AN
(26) L(w) = exn - — j Ln -~-1~’1-~(-il{m) o _8ht . 5
- J S vl L5 ch(tmifé) shit--shw
where -7 «Imw<0O for j=1 and O <« Tmuw<w for j=:. In order to romove
a” the apparent divergency of the right-hand gide of (2.6) we put

op  Ch(t-1y.)
( 2 ‘ 7 ) Q( t ) f,agf h*_w(,__. .....1...,.*6.}.*/*]“)“ £ 30 D -{ L ({1 d/',:} ) Eigl’l t -}' o
chit--i), N

We note that for t— +oo we have Q(t) = 1 + O(sh™ t). Then we may
construct th= convergent solution

p R n I cht dt
(2.6) £.(w) m.{ﬁhw T exp.{ml‘ym S n Q(t) - mh;‘ﬂ}
’ } !J EWi-m%‘ sht-shw 3
(o d4) /T

where _{shw;} “ has 1te cut along the negative real axis.
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A simnls calculation shows +hat for w-—0 and oithorp Ilimw >0 op

P cay {2 f
cht do 20

(2.9) P ‘/ In O(f) —wabo il o T In shy ,
owi L4y n Q(6) T TR In shw + 0(1),

50 that for w -0 the functions £ (4 awe o a finite i
-hat " O the funcetiong Lj(w) nave a finite generally non
vanlshing Limit, |

Logarivhmic difforontiation of (EﬁS) for =.,0, j=2 wivos

- ’ ;1 - f
ahtG-0nw

=t a9 e of Sy A R - -
Dy using tha following two We Ll-Imown Fouricr transformg

NI CO
(2.11) A h/ ﬁln{u(ixi_w } capguf “%Tfjmm} du
sht -ghw . " shom ﬁ

(_'x ) J - ]1" u
#Kr ..I :_,,..} d

(2.12) [ oettH th(t-1)dt = =i
._..-:*r“_) 1 i :
X St e

where u 1isg P@ﬂlfﬂﬂﬂ~%ﬁtﬁﬁﬁjﬂtwm ,

he right-hand gide of (o - Sy Tl e
the right-hand side of (2.10) can be reduced 4o

0 o ox | ‘(ﬁwwwﬁj)u} cexpd )mmkgl ud

(2.13) 55 ‘f aln{u(%mlnw)} e e - L,
00 ' sh wu ol

TI 3 el £ - . ~ d L o Ty
3ing tho definition (1.7) the lattor cxoression can be weitien as

r’“} )ﬂ ) ) & .
(2.4 S N R LA L A

Henee, avart from some multl nlicative constant we have

| - & (a 1= A -
(2.15) £ (W) nTTeEE JI) j

ﬁ({ymjfawﬁéym4~;%)

¥

and likewrilse
T j.-.‘-; o1 5
( 0 . ’]6 ) { : ( W) o ..m( ,.‘ m:.l:im - }—‘{i.j.}..m

fé@§ﬁ1+wy”gW+Jﬂ)

LT thco \ R I P e | |
function defined by cither side of the cquality (2.5) is denoted

by K(w) it follows by using the functionsal re.lation (6.9) of Appendix A
that apart rrom gome multiplicative constant

o e 5L At
(2.17) K(w) det fﬁ:fﬁlﬂhi:jlm?)
{;j(“‘i?"fcl--“w 75“{“{«] )

The gencral solution of the Hilbort problem (2.5) can now be writ.

ten down ag

)
(2.18) fj(w) = oh(wuigj) K(w)sh™y,
wheroe m=0,1,2... . |




il

w0
Accordingzgly the F-problem R?m the general solution

(2.19) Pm(»jv) 5 h/ cxp-(1xshwsyehw)k(w)eh™w © ok w.,
- 30

H

This solution 1s repular with the pogsible excention of the origin
(0,0). It follows from (2.3) and (?,’ ) that iQP Re W +00

(2.20) K(u) = 0 { (shw) J

Henca for m 21 we have at the oripgin

NNEAE Y SRS
(29: ') 1?1(;”“33]) - O { 3 | (‘fl JILE) }

This result also holds for m=0 and [e dﬂl ‘fﬁn Howaever, L0
Re JH3?Hﬁ f&h,ﬁo(fjv) hat a finite limlt at the origin and finally af
j% =:j?}:1t 1o of logarithmic order at the origin.

A more procesn result can be obtained hy using the lemma of A
cendrx A, L8 eLz, m=0 and e " J - arce real with / 1< /"", L. we havae from

i

(2.17) and (6.10) for Rz n1~m¢~%fxa
Iz )
o { ------ W Jr
(2,00) K{w) = v T 17400 {’\ + G(f‘i"w)} ,
(i -J/) 3¢ 7@";’4)
s0 that by using (0.17) and (6.18) with :%({H+f§) and /Sz(jgmyﬂ)/%ﬁ

(i)

(2.23) D (xﬁy)==~~wwmmmhmm— (5r) 7

ey (i )
CO8 {d)/] '.rc‘ i i ‘fg _} "

)
+ congtant + O(qu(gémgﬂ)fw)“

i

A limit opzration shows that for qu jﬂ:=3/
£

F(x,y) = -(1+cos /) (cos S inredesin )

 constant + O(r 1n o),

Tlr'l it i oY af - L. q- _ ] — - e . s f; * J_ — N - - = N T
Je note that for jhzzjﬂ} in view of (6,9) the function K(w)
roaues s to

( 2 .=k ) I{( Vi ) - .1,. S LoB d:.

(‘,}1( W 1%)
50 that for ﬁ% m£fﬁ

OO0
(2.206) Fg(xyy) = i(ﬂ+eo&df) ‘/ exn-(ix shw+ vehw) chw dw
e ch(w-iy)
Uging the notation of (II 5.1) this may be written as

(2.21) F(xy) = A %i/ IR (x,y) + I{O(\/x9~l-yg)} &

S0 that Fo(xyy) can be interpreted as the rcsult of a logarithmic pole

AT T W R TR e MY | W et e S =



e

D8 strength cog {(ﬂ+eea ") and o talil of normal crpolag startinge at

L.

Tle ok S with the positive X-axis,
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5. The G-oproblem

Following (iﬂiﬂni) a solution of the G-nroblom may boe represent-
ed hy

" . o ?_) | ) ] ';:f |
(j-x]) - WG‘( DAY _’,XOJ}'}JO) oo _[‘;ﬁ( \/(.}“L ¥ ) I"(Tf ) ) -

+ % [ exp-(1x shwiychw)g(w)cw,
- 00

The singular part on the right-hand side may be revresentag Dy (cf,
IT 5.2)
VF" S A .e
) 17 Ry e \ ¥ - — e VS -3 s £ l ) 0 Moy ‘
(3.2) KOOV (k) k(yﬂyﬁ) ) = = N/ gxgm{L(x~ﬁo)mhw +]y- v}ghxﬁ}dw.

The poundary conditions pive in a similar way as in the Drevious

section for j=1 and =
oln

(3.3) M/ @"”’JﬂWJ(U) shw = O

) < 8
< OO)

whers 1now

(3.4) EJ(w)chw cer eh(wwijﬁ)g(w) - ah(w+ijJ)exp(‘ . Bhuey chw) .

Elimination of g(w) Ffrom the two relations (3.4) gives at the real
axis

(5 (w)“hw gq(w)chw ch(w+ig%) ch(w+1jé) )
9.5 R I A -
(W~ i) oh dﬂ ch(wulﬁq) ch(w-1y,)

cxp(ix _ahw-y _chw) .
g o

This ig a non-homogencons Hilbert problem which can boe aolved at
once by using the factorization in thea previows secction, If E(w) 18
cefined by (2.17) and © (w) by (2.16) the relation (3.5%) can heo

J
written as

e () e (w)
( :}’ s 6) "f"‘{:\“("‘;ﬁ“) T*“ X ')"* = h( i ) P

j

e e TR R I T R R TR | R P S

h.w 'f ch(wmifg) Iﬂvﬂchw

-

[ S

(3.1) ngy % L) i ch(wery,) | exp(in shiy chn)

The functions %E(W)s fﬂ(w) arnd L:},,j(x'.J)/Iﬂ(w) are holomorohic in the

[

upper 2Urip O<Imw<®™ and gymmctric with regnect to 5 wai, The

funetions g_g,](w),F fﬂ(w) and gﬂ(w)/fq(w) are holomorphic v the lower

strip - ™ <In w<0 and gymmetric with res spect to -5 wi, Then the

.--.I iy
e -

problaem (396) has the obvious particular solution

. (w) o0 chw Cw
(3.8) 54(0) = A | n(w) Zello

- O
2L .00 Shwouahw

Vi



|

1% a

Whe e T <lmw <O Por =1 and O lmw e %

Of courss we need g single particular

Heticzous problem has been solved already 1n

Now 2t follows frowm (3.4) and (3.0)

Solntﬁom Wrth

(w%lj‘)

-t
() = e L2

Ch(lejj

ere crther j=- v =
whers cither j=1 or j=

particular

(3.9)

snw -y chw )

¥l 1
L( O O

)

on the richt-hand Slcde, Dy usinge the woell.

alternace cunregsion

ch ( WL 3",1 ) ( W 6}" )

i
o 'il'l = oL
1 V\! — ——
[ .y e T o R N T "I-l At | R A . Ty e s+ ST - e . s

) she ( Pl 6}/} ) ¢h ( WL ﬂ}" )

have theo

)

(w )<hu

-I‘- mﬂh-n——%m-mm- pl
Yy
= (X0

whore the Cauchy Licesral takes 1to vrinet

Lor J=,

only since the homno -

solutLon
the nprevi

ChAat the O

wilth an mwpropﬁiatn

LOUE SecetLlon,
-Dronlam has a

e Adshw

......

- H/ h(wm) e

T L - OO ) Fuv Ay

—

I{w)chw

o i e P, il B S Y U ¢ mp———

of tho integfal

ormula we

e aning

novin Plemel

. . . (= - - - 1.
cxp(1x shw -y chw) +
0 YO

chwﬁdw“

pa L value,
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4. A special casc

- o W P ey

this section the following imvortant case will hs
T'o find the Green's function which
vy >0 the Helmholts squation

congidered,
satisfies in the upper halfplane

2 «
(4.1) (j;iﬁ.+ égﬁ-w WX)G(K,y,XO,yO) = ﬁa(x—xo) J(Y*YO)y
P e h

and the boundary conditions

(4,2) =0 X >0 cos Y CASA S'H"J}Eﬁ = O
- g - DV - DX g
(4.3) y=0, %X <O G = 0,
In order to 31mplily the discusgsion the non-cssential assumntion
Will be made that J/ 18 real and that it i restricted to the inter-
val
(4.4)

m%m¢{{%wa

The solution of Thao corresponding F-problem will be determined
first, As in scction 2

< We may put

CO

(4.5) Mx,y) = & J' expw{fMCShm1+ ychuy}f%w)dw.

- 00
The boundary conditions give relations of the type (2.2) and (2.3)
With
(1.6) ro(wieh w 92T ¢ eh(w-1/)f(w),
and
(4.7) fz(W)Chbﬂdgf flw),

where C is some constant and whore

fq(w) and r,(w) have the same
Properties as in scction .,

It follows now lmmediately from the functional relation (6.9) of
Appendix A that we may take

= o dodved do
(4.8) fq(w) = e{wiini, &w f)

fo(w) = e(W-zwi, . f) |

Hence the Following =xplicit solution
| 00
vy

F(x,y) = & ‘jﬂ @pr*{ixshw+ychw}-e(w«%ri,w%wujﬁohw dw,
| 00

aviour of F(x,v) at the
T Appendix A,

L8 obtalnad

Origin follows ecagily by applying the



.

1t follows from (6.10) that for w - oo

| BT ] ]1 - ..f -1,1 - g
( )“!* .10 ) - ( W m-*;é- W, _j} T - 6}/ ) chw = E:E...L._.)_..J:’_,(..i';“ ’i‘{_) Utli_(.h;mjpilji { 1T Q( O W ) } 9

ZACE RS
o O thﬂ i.: é/ )"
| ) |

Ty e - R ) _3‘? +. é:) -
) Plxy) = ;*__“T”jE‘MM“ () ‘m\3w£3{5f+(%“5§5W}%*(3P- .,

117, - F oY 4 N LT R ) o . o o mm e s e L . X - -
rhe solutlon of the G-problem can be ropresented again by the

expression (3.1). Then the boundary condiltiong load to the conditions

(3.3) where now
ch(w-1p)e(v) - eh(weiy)oxo(ix SEhv-y chw)

( .J.} ) /] . ) i i 1 ( ) ) Chw

1o f?
5. (w)ehu “od (W) ¥ ﬁﬁﬂﬁ(lﬁvﬁﬂWWquCkﬂﬂ)a

Elimination of g(w) gives for ceal w the rollowing non-homogonsous
Hilbzart problem

(<F.13) ch(wmlj?gg(w) - gﬂ(w) = E(mmajfrnqﬂjxomhwmyochw)u

By maliing unoe of the functions fq(w) and €.(w) from (4.0) and (4,7)
thin Hilbort problem can be reducod to the clementary Dorn

*--\} .i"""} ( —t r J __.1 -~ =
( lp /I J_i,., ) [F—— A iuh_ﬂn — ™ - -.,M/-I-m-“lmﬁh.-uﬁm — == ‘ . t: i "‘Ip r{fyu - kel th‘ ‘:._‘ : ) . -l v
P i iy P R T, ) gy Wl -_ f__‘ 2, :'} lx‘l"r_‘_\_}}“"* llbn‘?u.ﬂ :-1'/ ("](.J h' Ur\] j

G, (w) fq(w) fﬂ(w)

che solution of which 18 of the form (3.3). bventually we arepive at

(L, 15) A E‘G(xjijojyg) = K (\/kxnﬂo)d+(yww )<Yk

0
OO
+ ‘/ oo (Cixshwryehw )z (w)dw
with

) ‘:j 11 W ) "|"

T
plw) = {flﬁfliﬁimt% - ﬂ‘} ﬁﬁio(jgzomkmv~y
chw-dy |
(4.16) GO o
iy R Crolixah, Yochw,)

Treos f ¢ (v ml, o f) fﬁﬂ-_wa e(w@+£wi;imwgﬁ

ChwW - dw .-
g By

GRW . -3NW
3

I'he behaviour of G at the origin car be derived Prom the lomma
of Appendix A, However, it can casily be predlictec, at leagt formally,

by substitution of o
i Sinﬁa(ﬁm¢0+ nNipghoer-orcer torms

in (4.1) and (4.2). It is casily scen that




50 Tthat for p —+ 0

1 A ) | j 1
(4.13) G =a = T EHMS% IU(§+~%59ﬁ} + higher - order terms,

The constant a car be determined by using the lemma of the Appendix
whilch anvolves the asymptotic behaviour of g(w) of (4.16).
SINCE We Nave for W e 00 :f

LN ’{ . ¥ -J - R
( i‘ o 9 ) I;;.( W ) — ..K},.__...l..,.. COo G { ( 4 ;3 ) ( Wk )}

T+ cos f ‘Wx&(ﬁﬁ+j?

., - =W
ude N A - _{fi(ﬂ-oﬁ Vﬁjmi){ |+O<e )}j

where F(xojyﬂjmjﬁ e def'ined by (&.9) Wlth roplaced by meﬁ 1t ol

Lows after zome elementary roductions that

] D Al (T~ .
(4.20) 2= B 2T n Ly )

or combining (4.18) and (4,20)

(&.21) G(x,v,x . )Y, ) = .___f_‘f."_,(,,._?_wi) (L L) [ { (G



=M ¥

|

5. The subcas :Y 8]

SR A Ty, .. . i - el i sb——

The Droblem of the previous sccectlon with j’ =0 depsrven specral
atecention in view of 1ts 1moortance in connecti with duffraction
theory. The problem g to {find a Crecen's function 1 the halfolanc
y >0 satislying

(5.1) (& -0)e(x,y,5 ) = - F(xex) F(v-y,),

(5.3) y=0 e ¢

}
®

'he free solutlong of the correcponding F-broblem are 1n polar coor
dinates avnarently

(5.4) Koo (r)coa(nts ) ,

(e Yo e gLk
1) (r)cos(ni- )@

T

for n=0,1,

The Green's function can be wreltten down at once hy using the
trick of (I 3.8) viz.

A L0 |
Jecos(n+s)e  cos(nts)e , 1<y
(n+5 )¢ 2 ),

L (}::’%~g§% Kﬁ+%(rﬁl%ydgﬁp@)$oﬂ(n+ﬁ)¢ moa(n+§)¢oﬁ N

Lt may be lelt to the reader to verify that the solution of the
F-problem (4.9) for this case reduces to 2K (r)cos 5o

- )

o -

".}

Alternative cxnrassions for the Green'! 5 function may e obrtained
by socclialization of (4.15) and (4.16), However, we prefor the fol-
lowing somcewhat more direct approach.

Quoting the exprassion (3.°1) we may put in onolar coordinates

2nG(r, e, e ) = K ( \/p;"‘5~+-1rvﬁ‘“f--i?:r**ruuw(@'ffﬂ))-%-

o (.
o Jf :axga{ i 3h(u¢a;@)}~fg(w0cnuu
The relations (" .12) are here

g{w) - exp {iv,

72
B
e
=
"
i

ﬁh(w+1¢0)}

LJ

{l

F A

chw g.(w) g(w) + ﬁXQa{iT sh(w+i ¢ )} .
0 Q
Henca the Hilhert problem for this marticular case is

(5.8) chw g.(w) wgq(w) = D exp-{ipg&h(w+1@o)} .
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chis problem Is easily

solvabloe.,

2 ocehy{wer o )ehy (was L)

Woe nhall,

nowever,

not follow tho

traditional annroach but we note that ths solution of (5,0) may be

-

WLttt Cown at once Lf

ffuncection has

(5.10)

Hener o

Tho

whicih 18

(5.173)

Lonls bhoetween thoso

CTOVEQ

whers -1 ‘e T 72 <«

in Appot

one usen the auxililiary function

'V/

& IU*J "i'"‘

R

.
Ll
‘.

vwﬁbFﬂ{i)

arfe(chyz ngjg

the translation vronerty

chy (u-2)

'he Green's Manctron now follows from (5.6),
(5.11) or (5.12), Taking c.z. (5.11) we obtain

E7cG(PﬁWﬂPQﬁWQ) -

+ K
0

' o
- g '_.n. -
( 1 +ﬁﬁ 0

A

which
1 we

(5.15)

L3

define for alls

Or,r. ,f) =

the solution (5.14) and
be written

a5

r':]

2w (e, 0T ,,)

1

(5.16)

atrid

most useful for O«

P GO

L)

(¢+ e

)

sncetrlon shows that (5.0) is solved

au,

(

5.7) and either

the alternative form obtained from (H.12) can

—— - e — - .
- '
P o £y e ,

1 - et 120 )C.r Yy ('19 . so(j ) -
r’:," - ", j -
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which symmetrie

(5.13) o (5.15) deads to o double inteoppal
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Dy solving (5,0
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Tunetion
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(7.6}

may
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LO) . In this way the dascussion of the Yo
T . P I e T ey e e T P _— "
In Appondix 82 two simpls crorooaions of 4

tesral are dorivaed, Vo note 0 carticularvr

and (7.10) the tattor due originally to Macdonald,
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The following two cxanroessrLong are fregquently noeded

1
J
o~
i
T S—
-
=

wl
Yy
1 ]
E—Hb-l
D

(‘:F -~ ) L ’ ( 1.1.".4 .i.i W) ~ g |
( L3 s i ) P el At I On = Qed & .[: N l .i?,*f:i & L . i P

) »

Thege formulae may be dorived from Frddlivi ot al., Tables T (1.9.71)
and (©.0.2) hut they can also be oroved indeoendently Dy means of a
slmole apnlicatron of tho caleculus of rosidues.

W shall now conguder the fUﬂCtijﬁlfﬁ(Ehjﬂ ao defined by (I 4.9)
For arbitrary 0. Bofore making the soecinlization 8=7 a few goneral

~ L Ly - - i LT Ty e, e A e I o [ R S 2 ; o
ety will be provod, dWith the o yLlowing cofinittion quoted ahove

(ST

L . Node ey T ¥
e 00 shittc = hg T

S R o CO ' 1o o
((3?] o ) Yoy o e f’ 1~--L O L2l 50 / v 4
e ) poid - <y )/) v ; e e MEEE e . e {1 ‘L 9

Wwhore o Lo a constant,

-

The proof rung as follows, TProm (6.3) 1t follows that

3 27, yrs) . osin tz s (Jﬂw~ ®)t~oin t{z4inl)s haf
1  ————— monm s we D e et e e v e e+ bt e e e oot e (0L =

l r ) i . . T :'.:3
e | 1o " L
2( 2+, }) S0 sh Ot shb w t

3
i

= p [ BB G oo by tnie(z oy,

where at the {final stas (@QE) has been usaed., Intogration of the re.-
sult leads at once to (6,4),
By changing the sign of 2 we obtain from (G B) the equivalent function.-

al relation

(6.5) B S G mﬁiv(zmijﬁ

Hence the functional velation (I 4.13) now appears to be an immediate

conguqunee of (0.4) and (6.5),

By applying (6.4) twice the following functional relation can be

derived

( | & ( "m il J/‘ i" |

(6.6) mmwm?wi*hHMﬁ“mw = ¢, {cﬁly’(zmijﬂ 4*(MDE~%PW?} , l
e(Ztzmi, f57) - |

S vy Aemy da Y Jm , 3 e - - Lo 1
Where the constant ¢, is given by cqmggo(gﬂ:Q(JM%wﬂﬁ
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(6.7) (i, p) 5._3.___._.;__~_..§__._31-f;.a:2_ ,
C O3 1_} Y ( S 6}' ’)

T TR AN - o 2T . - n
drffercntiation ol {;(ﬂLLJjF) WLlith rosocet

By logarithmic ar
2 N j’we obtain
by using (6.3)
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Sl v

CG - p " | N S N v D e
Ejrln H(Wlﬁ/) = Jﬁ w&ﬂln}J_qu_ . ﬂt::._‘[ shpml chp't

o 1hETCL Q0 SNeT
Application of (6.,2) o

Integration of

CXOPEI8LOoN,

LA | . . - ¥ ;
CALD result and nmotine that e T - -
; Soanc nocing that che recuilred

subatitution of @e ac i 4 (: O o
Lo ol Z=p el dn (0.0) gives io view ol (6.7) an cxplicdt

R T o ARl B o B | . £ I oty Y e ey e A k

aDrenslon for the constant u,]n An olomentcary ool
. . . v - - LA L U"
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1/0 0 0=
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shows that

renlaced by
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Weo shall vow maks th-

Speclalizat:
tunctional rolation

ST O i T Y =77, Then this
roeducecas o

o (YT S N VIR
(6.9) oz, prdw)

Pl e e -

| il = Gh(ﬁ«i )

B ; I et L R ST PR S ot " =
. . .--"" r l""::" ) -~ F
(Zbrmi, g o Y

behaviour of oz, 6}/) WLTh ©=7 for Re 2 —s+00 mavy
alro I scction )

Tha agymntbotic
be miven by (of,

(6.110) ln o(z, a}/ ) = ?{; In(= “ e {') LRy Ta [’) + O(e” | 2w | ),

veon In w(F) G puven by

fa4/ﬂ = OWND - j_u/ 5T -1 5in U

~IemD da

whore thoe

(6.11)

() CO8s 10
with

(©.12)  2(1+sin fI)) p(mp) = -

The proof of (6.10) is as follows. Prom (6,3)

O
In ez s ¥ = -1, ...:Im_g...,g.... .,...__...{.JE { Jf t R
( f}}) i *_,% tohs et T (_ 'j T ﬁ}/)} At =

a(0) 1l =

rol—
B

Lt 18 obtainead
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A i
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Whe e
(6.13) () = e (B g

Since c(z,7w) = chz (ef. T 4.11) wo haye

o i) = D

It g £ ) "1 RYRRE e N N T 2 . . " LN Y _ y e -~
taoobvious that m(0) = m(®)=0, DifTorentiation of (0.13) wives

(by aid of the oo teulus of rogidue 5 )
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(] GOS U

(6.16) i (1 - J”) o)+ la( i 7)o= 0,

IR - '
3y using (6.9%) the v » Sy 1S g T
\ (6. 14 ) the rolations (G.11) and (t;';‘ﬁ 12) Tollow at once from
~ . ) - = .- = R it
(6.15) and (6,16,
Finally the £followin fodemma will boe proved
Laemy Lot e (o Gee ot e e F g et g . :
A rlr?l; K NNy , ( W ) ST Inoana % tic f'unc CLOr of w wh 1O 1S 1laryr omnm e
real axis, for which g o (v - |
. 1 g . . 11 Lﬁl f‘{j ‘UJ famid LJ ,,,'f_’f] Q 3 b ¥ y b o - -~ RO e . S me
o " X ( ) ( 7 . which has the ol law 1 asymn.-
COTLC wehaviour

(6. 17) (W) = cxo{ L s b Ve ) { 1T+ Of i-'l""w) }'

for Re w -0y TN - _ * L
—k 00, wWhere o and B oare real and O <@ <4, thon for -0

- ) 1 :
(6.18) 7 f 7D~ (1% shw + y chw) gl{w)dw =

e {-::{:l

P (p)(: Jr’) P cos f o vrgo)} + congtant + 0(1;‘*/]'"’%)_?

W ::2 -y _: -:Irm v ) 5 T e ™ =4~ 7ot 4
here X=r cos ¢, y=r sin ¢ 5, with 0 < @<,
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ne matn objoct of this appendix 1s the proof of some intepral

cXpressions which arce connected with o well-kriown result derived 1l

Macdonald 1in s ¢

r--I

Lhicusslon of Somme rleld !ty nroblem, Wo shall start
WLth & low useful AUXLLiary expressions.,
For o >0 and o >0 we have

2O
] - =achu+irbshu |

e OO

i

. [':_‘}uff]

'he regult is well-known and has already been used quits often on tho
preceding pages, The result (7.2) can casily be deprived from (7.1).
he regult (7.3) con be obtained in a simple way by taking shiu  asg
now variable of integration., The Following: CRPTLEBLON, howevoer, io

Somewnat more dufTicult to prove,

For a >0 and 7o < 7T W Nove

o achu d 405 o L
(7 .4) 7 oo T ! ot EUB R '“ W%(ﬁ+

i s steiirmees (V1] = Grioe

030 chid (u-ied)

Lf the left-hand side of (7.%) is denoted by fa,a) then by the fol-
lowing nartial diffcrentiation the inconvenient factor in the denoe

-~

minator can he MOV e

Now talkiing advantage of the fact that only the cven part of the inte.
grana adds to the pesult anc hy using (7ﬁ5) We obtain

A { o OB« f(;g” m)} m (j}t::o;ii_mg; ) - . A ( e o o) |

i d

‘B a

Integrating thisg between o and oo we are dmmodi ately led to the re-.
quired result (7.1).

Now we congidesr the foll owing doublc integral
e Q0

4 s of S LR LR L .
(7’ ) 5) ( p),) f e ...j_... [ ] - 2 Chu-h chy S | e Ay

s bl
eTe - (0 (.‘1[1;:3 ( 11 “|‘V *-":LJ/)

where a > 0, b >0 and =T < fe
_ Introducing new variables i and v by means of U=X-+y and v=x-y wo
obtain
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his rather clegant rosult may also be derived 1n the following

more direct way, Let a and b be the sides of a triangle ABC and i”

the angle at C. Let the roemaining elements be ®,3 and ¢, Further 1ot

- ‘1|| oy Ao - ey ] 4= S, R A0 - . A md . - R . o S - ]!
nobe the altitude from ¢ and »,q the projJections of a and b upon AB.

"Thon we have

P=acos A, d=Dbcos o, h=2asins =L gin e« ,

Now the expression (7.5) will be reduced in the following way. Imagin-

ary translavion of u and v gilves
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By differentiation with ronpect to h the denominator is removed viz.
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LT now u and v are transformed back to their original valuz we obtain
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so that by using (7.3)
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which by simple trigonometry may bhe changed into

o~ L

(7.11) LA EEiL@4f£”Lﬁ_;m”(a+b)

r - y| A e YO . . A . , | ‘
he introduction of 5 = a+b as new ndependent varameter together
with p and q suggests ltself. Sincc
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wz obtaln from (7,11)
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~from which (7.10) immediately follows as shown above.,



Roferenecog

Sl s AL - i

e |

H.M. Macdonald Proc. Lond., Math. 3oc, (2) 410 (1915)

H.A . Lauwericr soclutions of the equation of Helmholtz 4n an angle,
Loand 1T,
Looion Ned Ak.v.Woet, Froc, A, 00, Mo 5, 475458
(1059 ) .
L. ibid., Proc . A




